Supplement Materials
1. Simulation
In this section we detail the information required to generate phenotypes of various distribution with or without the effect of variance loci. For each scenario, we start with a minimum sample size of N=16 (i.e., 24), doubling it until N=65,536 (i.e., 216). For each scenario and each sample size, we repeat 20,000 times.
Acquire Basic Materials
In each repeat of the simulation, we first require the following basic materials.
vector of genotype, 
In each repeat, we randomly acquire a single variant from genome region 17q3 (chromosome 17, between base-pair 10,700,001 to 16,000,000) of the 1000 Genomes Project Phase 3, with an MAF no less than 0.01, and 1,807 unrelated samples (out of a total of 2,502 provided by Phase 3). 
From those 1,807 allele dosages values in {0, 1, 2}, we sample with replacement, until the desired sample size N (i.e., 24, 25 … 216) is reached, and save the dosage values as the vector of genotype g. We do not center nor scale the genotype vector, but simply keep the dosage values as they are.
The acquisition of genotype vector g is helped by a R-package in development called simgen, located on GitHub repository https://github.com/xiaoran831213/simgen. The usage of the package in the simulation is detailed in supplementary material “simulation results, scripts, and materials.” 
vector of environment, 
In each repeat, we draw a vector of environmental exposures from standard normal distribution, until the desired sample size N is reached, and save the values as the vector of environment u, that is,

vector of covariate, 
In each repeat, we draw a vector of covariate from standard normal distribution until the desired sample size N is reached, and save the values as the vector of covariate x, that is

vector of GxE interaction, 
In each repeat, after acquiring the vector of genotype g and environment u with sample size N, we acquire the element-wise product between two, ug, as the vector of gene-by-environment interaction, that is,

Scenarios involving Gaussian phenotype
In each repeat, given the vector of allele dosage genotype g, the vector of environment u, the vector of covariate x, and the vector of we GxE interaction ug, we generate a Gaussian phenotype in two ways – either additively or multiplicatively, where the former, under the right scenarios, will make the genotype g into an additive variance loci, and the latter makes g a multiplicative variance loci.
Additive Gaussian Phenotype
For each of the N individuals, we generate a Gaussian phenotype additively, based on the additive GxE model in equation (1)

that is, the phenotype of the  th. individual is the sum of the grand mean , the genotype main effect of  with effect size , the gene by environment interaction effect of  with effect size , the environmental main effect  with effect size , the covariate effect of  with effect size , and lastly, a random Gaussian white noise .
The effect sizes,  are drawn from normal distributions of mean zero at the at the beginning of each repeat and used to generate all N samples (i=1 … N) for that particular repeat; the grand mean , the variance of the aforementioned unit effect sizes , as well as the variance of the white noise , are pre-determined by the scenario to be simulated, and are fixed throughout all 20,000 repeats.
There are two scenarios involving additively generated Gaussian phenotype, one with coexisting environmental main effect and GxE effect, one with purely GxE effect. To simulate these two scenarios, the following parameters were used:
· ; the grand mean
· : the variance of genotype main effect .
· : the variance of gene-by-environment interaction effect  (when not null).
· : the variance of environmental main effect .
· : coexisting environmental main effect and GxE effect.
· : purely GxE effect.
· , the variance of covariate effect d
· , the variance of white noise
When the additively generated phenotype , along with the vector of genotype  and covariate  are presented, as if the environment  was unobserved,  is an additive variance locus when . We also generate two corresponding scenario of null variance locus, but setting , the variance of gene-by-environment interaction, to zero.
Multiplicative Gaussian Phenotype
For each of the N individuals, we can also generate the phenotype according to the Gaussian multiplicative model in equation (5)
	
In this case, the grand mean  and the genotype main effect  are determined in the same way as the additive scenarios, but the vector of environment  is unused. The parameter  is the size of non-genetically determined phenotypic variance in log scale, including the impact of environment and white noise; the parameter  and  determine the link between genotype and phenotypic variance in log scale. When either  or  is non-zero, the genotype  becomes a multiplicative variance locus by definition. For simplicity, we fixed  to 0. To choose  and , we record , that is, the variance of the additively generated phenotype in log scale without GxE interaction; we also record , the variance of additively generated phenotype in log scale with GxE effect, where  is the genotype variance, or . Doing so ensure the multiplicatively generated phenotype share the same numerical scale with the additively generated phenotype. Next, we let the following two take equal chances to happen
where the latter represents a case where phenotypic variance shrinks with each additional allele, corresponding to a latent additive GxE model with squared GxE effect . As stated in the methods, VLA is powerless when GxE effect  is not real, so we expect VLA to underperform in detecting variance loci for multiplicatively generated phenotypes.
The above assignment also ensures the multiplicatively generated phenotype does have null multiplicative variance locus, whenever the additively generated phenotype has null GxE effect (i.e., ), since in this case, , thus . We summarize the parameter used to multiplicatively generate a Gaussian phenotype here,
· : the grand mean.
· : the variance of unit genotype main effect .
· : the variance of unit covariate effect .
·  phenotypic variance not determined b7 genotype, in log scale
· , when , or , when ,
· numerically corresponds to  and  in an additive scenario.
· : change of phenotypic variance per allele, in log scale
· , multiplicative variance locus exists, numerically corresponds to  in an additive scenario
· , multiplicative variance locus exists, numerically corresponds to  which is improper for an additive scenario
· , no multiplicative variance locus, corresponds to .
· : change of squared phenotypic variance per allele, in log scale
With the parameters ready, we draw the phenotype  from the normal distribution and present it along with the genotype  and the covariate . 
In total we simulated 6 scenarios for the Gaussian phenotype, listed below, with parameters.
	Gaussian Phenotype
	variance locus?
	additive
	multiplicative

	Coexisting Environmental main effect and GxE
	Yes
	

	
,
or 


	
	Null
	

	


	purely GxE
	Yes
	
	(Not simulated)

	
	Null
	
	(Not simulated)


Scenarios involving Binary phenotype
To simulate a vector of binary phenotype , we first generate a vector of Gaussian signal  either additively or multiplicatively as the previous section, then convert  to probabilities of disease onset with logistic function, and finally, we randomly drew 1 = case and 0 = control as phenotype from one-trail binomial distribution (i.e., Bernoulli trial) with the said probabilities of disease onset, that is,

We manipulated the grand mean  of the Gaussian signal  to engineer rarity of the resulting binary phenotype, such that  gives balance case/control ratio,  gives a prevalence of 22%, and  gives a prevalence of 7.6% which is close to the rate of type 2 diabetes in the UK Biobank. We enlarged the variance of covariate effect to , since covariate adjustment is crucial in restoring statistical power for binary phenotypes. Lastly, we shrunk the variance of noise to . The rundown of simulation parameters for binary phenotypes is shown below,
	Binary Phenotype
	variance locus?
	Additive
	multiplicative

	Coexisting Environmental main effect and GxE
	Yes
	,

	,

,
or 


	
	Null
	,


	,



	purely GxE
	Yes
	,


	(Not simulated)

	
	Null
	,


	(Not simulated)


A total of 18 scenarios were simulated, which is three times of the Gaussian phenotypes because we varied the ground mean  in  to create imbalanced case / control ratio. In addition, we simulated another set of 18 scenarios for binary phenotype where the covariate effects were nullified.
Scenarios involving Poisson Phenotypes
In a similar fashion, we simulated Poisson phenotype   by passing the Gaussian signal  into exponent function for a rate value, then drew counts from Poisson distribution of the said rate. 

In this case, the grand mean  of the Gaussian signal  determines the proportion of zeros in the converted counts, where  gives in 37% zeros, -1.25 gives 75%, and  gives 92%.
We kept the simulation parameters the same with binary case but reduced the size of covariate effect to 3.0. The simulation parameters are shown below
	Poisson Phenotype
	variance locus?
	Additive
	multiplicative

	Coexisting Environmental main effect and GxE
	Yes
	,

	

,
or 


	
	Null
	,


	,



	purely GxE
	Yes
	,


	(Not simulated)

	
	Null
	,


	(Not simulated)


The full results for Poisson and Beta distributed phenotypes are shown in supplement figure s3a.
Execute and summarize a Simulation 
Once a scenario is decided, the parameters, and phenotype converters were given, in each of the 20,000 repeats we do the following
· data generation
· acquire vector of genotype , environment , and covariate .
· draw effect sizes  from normal of mean 0 and scenario dependent variances.
· draw vector of white noise e from normal of mean 0 and scenario dependent variance.
· generate vector of phenotype 
· either additively, as 
· or multiplicatively, as 
· statistical tests: 	present data  to various methods:
· DLM: double linear model
· VLA: variance locus analysis, the proposed method
· LVT: Levene’s robust test of heterogeneous variance
· DRM: deviation regression model
· collect the p-values of the primary test statistics from the above methods.
In all scenarios, we fixed the size of statistical test at 0.05, that is, rejecting the null hypothesis : the genotype  is not a variance locus of phenotype , when the p-value of the primary statistics of a methods went below 0.05. 
When a scenario allows variance locus, the proportion of rejecting  among 20,000 repeats shows a method’s power, or true positive rate (TPR); conversely, under the scenarios of null variance locus, the proportion of rejecting  in 20,000 repeats shows a method’s type 1 error, or false positive rate (FPR). For each scenario, we present the TPR and FPR across the sample sizes, in supplementary Figures s1-s3.
Taking Gaussian phenotypes as an example, in which case a total of 6 scenarios, 3 with variance loci and 3 corresponding null scenarios were simulated, we either (1) present the average FPR alongside three TPR, or (2) present the net positive rates as the TPR of each non-null scenario minus the FPR of their corresponding null scenario. The full results for Gaussian phenotypes are shown in supplement figure S1a.
For binomial phenotypes, the presentation is divided into 3 groups corresponding to the grand mean , so the first group shows the results of balanced case / control, followed by results of 22% case rates, and the last group shows the results of 7.8% case rate. Each group present 6 scenarios similar to the Gaussian scenarios. The results are presented in supplement figure S2a. We also present another set of results with nullified covariate effect in supplement figure (s2b), where all methods lost power / true positive rate as expected. 
For Poisson phenotypes, the presentation is the same with binomial phenotypes.
Results and Scripts
In this section we present performance of various variance locus detectors in figures, separated by the distribution type of simulated phenotypes.
The scripts to generate phenotype, to execute and summarize the simulation, and to plot the figures are written in R. We provide GitHub links to the corresponding script under each figures.
Scenarios involving Gaussian phenotype
a[image: ] b [image: ]
Figure s1a: performance on simulated Gaussian phenotype
Panels: (left) false positive and true positive rate; x-axis shows sample sizes in thousands, from 16=24 to 65536=216; y-axis shows false positive rate (column 1), or true positive rate (column 2-4). (right) y-axis shows net positive rate, defined as true positive rate minus false positive rate. 
Columns: simulation scenarios (No GxE) the null where the SNP is not a variance locus; (GxE Only) the SNP is an additive variance locus induced by GxE, without environmental main effect; (Env + GxE) the SNP is an is an GxE induced additive variance locus, with environmental main effect; (Multiplicative) the SNP is an is a multiplicative variance locus.
Colors: methods, (DLM) double linear model; (VLA) variance locus analysis / curve upwardness test; (LVT) Levene’s test; (DRM) deviation regression model. Red dashed line: expected false positive rates at the size of hypothesis testing (0.05). The false positive rate is inflated when the cases and controls were imbalanced.
<place holder: links to the R-script>
Binary phenotype, strong covariate effect
[image: ]     [image: ]
Figure s1b: performance on simulated binary phenotype, with strong covariate effect
Panels: (left) false positive and true positive rate; x-axis shows sample sizes in thousands, from 16=24 to 65536=216; y-axis shows false positive rate (column 1), or true positive rate (column 2-4). (right) y-axis shows net positive rate, defined as true positive rate minus false positive rate. 
Rows: ratio of case/control. (top) balanced; (middle) case rate is 22%; (bottom) case rate is 7.6%. Columns: simulation scenarios (No GxE) the null where the SNP is not a variance locus; (GxE Only) the SNP is an additive variance locus induced by GxE, without environmental main effect; (Env + GxE) the SNP is an is an GxE induced additive variance locus, with environmental main effect; (Multiplicative) the SNP is an is a multiplicative variance locus.
Colors: methods, (DLM) double linear model; (VLA) variance locus analysis / curve upwardness test; (LVT) Levene’s test; (DRM) deviation regression model. Red dashed line: expected false positive rates at the size of hypothesis testing (0.05). The false positive rate is inflated when the cases and controls were imbalanced.
<place holder: links to the R-script>
Binary phenotype, null covariate effect
[image: ]    [image: ]
Figure s1c: performance on simulated binary phenotype, with null covariate effect
Panels: (left) false positive and true positive rate; x-axis shows sample sizes in thousands, from 16=24 to 65536=216; y-axis shows false positive rate (column 1), or true positive rate (column 2-4). (right) y-axis shows net positive rate, defined as true positive rate minus false positive rate. 
Rows: ratio of case/control. (top) balanced; (middle) case rate is 22%; (bottom) case rate is 7.6%. Columns: simulation scenarios (No GxE) the null where the SNP is not a variance locus; (GxE Only) the SNP is an additive variance locus induced by GxE, without environmental main effect; (Env + GxE) the SNP is an is an GxE induced additive variance locus, with environmental main effect; (Multiplicative) the SNP is an is a multiplicative variance locus.
Colors: methods, (DLM) double linear model; (VLA) variance locus analysis / curve upwardness test; (LVT) Levene’s test; (DRM) deviation regression model. Red dashed line: expected false positive rates at the size of hypothesis testing (0.05). The false positive rate is inflated when the cases and controls were imbalanced.
<place holder: links to the R-script>
Poisson Phenotype
[image: ]    [image: ]
Figure s1d: performance on simulated Poisson phenotype
Panels: (left) false positive and true positive rate; x-axis shows sample sizes in thousands, from 16=24 to 65536=216; y-axis shows false positive rate (column 1), or true positive rate (column 2-4). (right) y-axis shows net positive rate, defined as true positive rate minus false positive rate. 
Rows: proportion of zeros. (top) balanced; (middle) case rate is 22%; (bottom) case rate is 7.6%. Columns: simulated scenarios, (No GxE) the null where the SNP is not a variance locus; (GxE Only) the SNP is an additive variance locus induced by GxE, without environmental main effect; (Env + GxE) the SNP is an is an GxE induced additive variance locus, with environmental main effect; (Multiplicative) the SNP is an is a multiplicative variance locus.
Colors: methods, (DLM) double linear model; (VLA) variance locus analysis / curve upwardness test; (LVT) Levene’s test; (DRM) deviation regression model. Red dashed line: expected false positive rates at the size of hypothesis testing (0.05). The false positive rate is inflated when the cases and controls were imbalanced. 
Notice, the false positive is still inflated even if the grand mean was of the Gaussian phenotype was 0 before it was transformed into the rate parameter of Poisson.

Beta Phenotype
[image: ]    [image: ]
Figure s4a: Simulation Studies for Beta distributed phenotype
Panels: (left) false positive and true positive rate; x-axis shows sample sizes in thousands, from 16=24 to 65536=216; y-axis shows false positive rate (column 1), or true positive rate (column 2-4). (right) y-axis shows net positive rate, defined as true positive rate minus false positive rate. 
Columns: simulation scenarios (No GxE) the null where the SNP is not a variance locus; (GxE Only) the SNP is an additive variance locus induced by GxE, without environmental main effect; (Env + GxE) the SNP is an is an GxE induced additive variance locus, with environmental main effect; (Multiplicative) the SNP is an is a multiplicative variance locus.
Colors: methods, (DLM) double linear model; (VLA) variance locus analysis / curve upwardness test; (LVT) Levene’s test; (DRM) deviation regression model. Red dashed line: expected false positive rates at the size of hypothesis testing (0.05). The false positive rate is inflated when the cases and controls were imbalanced.
The beta distributed phenotype was generated by passing a Gaussian phenotype to sigmoid function.
image5.emf
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